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ABSTRACT

This paper explores the classification of carbon assets generally considered as commodities
by examining the characteristics of carbon prices. We propose a carbon price model reflect-
ing the characteristics of the prices. The empirical studies using EUA (EU allowance) futures
prices traded on the European Climate Exchange show that convenience yield of EUAs violates
the property of commodities in terms of negative correlations between convenience yields of
EUAs and EUA prices. It corresponds to the characteristics of the model we propose. Next, we
examine mean reversion and seasonality of EUA futures prices often observed in commodity
markets using AR(1) model with an annual sinusoidal trend. We show that EUA price analyses
reject the existence of mean reversion and seasonality. We also examine the conditional corre-
lations between EUA different delivery futures prices, resulting in almost positive correlations
which may hold the same shape of the term structure as contango. In addition, the empirical
studies using EUA option prices traded on the ECX show that carbon prices behave unlike
commodities but like securities in terms of volatility smile. These empirical studies may sup-
port the counter argument to the classification of carbon assets into commodities.
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1. Introduction

Now almost all market participants in emissions trading consider that carbon assets are classified

into commodities with no doubt because it is developed from and related to energy markets and

energy is generally categorized as commodity. For example, investment banks have built up the

expert team for emissions trading within the commodity trading group whose members are hired

from energy and commodity trading houses. Down the line Geman (2005) introduces emissions

as one of newly traded commodities. However, is it really considered as a persuasive classification

judging from the characteristics of the prices? Since emission allowances and/or credits such

as EU allowances (EUAs), certified emission reductions (CERs), and emission reduction units

(ERUs) are not physical assets, it might be possible that the prices show different characteristics

from commodities. In practice, delivery constraint of emission allowances and/or credits does

not seem to be so much severe as the delivery of physical commodities such as oil and natural

gas. It is because energy commodities would be more related to the real supply and demand than

emissions and the delivered contractors would have to cease their day-to-day businesses without

energy delivery. As an example to see the differences between carbon assets and energy, we sketch

how the term structures of EUA futures prices are constructed and fluctuated as is shown in Figure

1. While the term structure of commodity often illustrates the backwardation due to the supply-

demand relationship, time-varying futures curves in Figure 1 always demonstrate contango because

the futures prices increase in the time to maturity. The results are the same as Paolella and Taschini

(2006) that use different observation periods from ours. As can be seen in this example, emissions

futures may deviate from commodities. This paper demonstrates that emissions prices behave like

securities rather than commodities offering some empirical evidences.

[INSERT FIGURE 1 ABOUT HERE]

Fehr and Hinz (2006) propose an equilibrium price model for EUA prices taking into account

fuel switching between natural gas and coal fired power plants. Benz and Trück (2009) employ

AR-GARCH Markov switching price return model to capture the regime shifts between different

phases of EU-ETS and the heteroskedasticty. Daskalakis, Psychoyios, and Markellos (2007) com-

pare existing popular diffusion and jump diffusion models, resulting in the favor of the Geometric

Brownian motion with jumps to fit historical EUA spot price data. However, they seem to treat

carbon assets as if they are naturally categorized in commodities for its price modeling. Paolella

and Taschini (2006) also propose the mixed normal and mixed stable GARCH models to capture

the heavy tail and volatility clustering in the U.S. SO2 permits and EUA price returns. While the

model fits well to the historical data, they do not seem to care about characteristics of carbon prices,
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either. Thus, we propose a carbon price model reflecting the characteristics of the prices without

foundation of emissions on commodities.

We conduct some empirical studies using EUA futures prices traded on the European Climate

Exchange (ECX). The results show that the convenience yield of EUAs violates the property of

commodities in that the convenience yield of EUAs is negatively correlated with the price. It gives

a supportive evidence of the model we propose. Next, we examine mean reversion and seasonality

of EUA futures prices often observed in commodities using AR(1) model with an annual sinusoidal

trend. We show that the prices violate the existence of mean reversion and seasonality. We also

examine the conditional correlations between differently delivered EUA futures prices, resulting

in almost positive correlations which may hold the same shape of the term structure as contango.

In addition, this paper examines the volatility smile using the European call options traded on the

ECX. It illustrates that the smile is skew to the left, meaning that the implied volatility decreases in

the strike prices. This is similar to the characteristics of equity options. These results may suggest

that the emissions should be not classified into commodities but into securities.

This paper is organized as follows. Section 2 formulates a carbon price model reflecting charac-

teristics of carbon prices. Section 3 conducts empirical studies using EUA futures prices. Section

4 concludes and offers the directions for our future research.

2. The Carbon Price Model

Paolella and Taschini (2006) show that the theoretical approach based on futures-spot relationship

of CO2 is not useful due to inconsistent characteristics of convenience yield as commodity. In this

line, they refuse to use convenience yield for modeling emission prices. However, we consider

that this inconsistency does not stem from the inappropriate modeling as commodities but comes

from the inadequate recognition of emissions as commodities. Thus we dare to employ two-factor

model of Schwartz (1997) based on convenience yield to represent EUA spot prices. The model is

expressed by

dPt

Pt
= (µP−δt)dt+σPdzt , (1)

dδt = κ(α−δt)dt+σδdut , (2)

Et [dztdut ] = γdt. (3)

F(P,δ, t,T) = Pexp(ϒ(t,T)−Ω(t,T)δ), (4)
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where the coefficientsϒ(t,T) andΩ(t,T) are defined by

ϒ(t,T) =
(

r− α̂+
σ2

δ
2κ2 −

γσPσδ
κ

)
(T− t)+

1
4

σ2
δ
1−e−2κ(T−t)

κ3

+
(

α̂κ+ γσPσδ−
σ2

δ
κ

)
1−e−κ(T−t)

κ2 , (5)

Ω(t,T) =
1
κ
(1−e−κ(T−t)), (6)

whereα̂ = α− λ
κ . Note thatPs,δs, andFs are spot prices, convenience yields, and futures prices,

respectively. After modeling the general characteristics of commodities starting with this model,

as its exclusive event we will characterize the emission price model.

The empirical studies conducted in Schwartz (1997) show that the correlationsγs between

spot prices and convenience yields for crude oil and gold are positive respectively, meaning that

when the commodity spot price increases, the value to hold the commodity also increases. When

commodity prices are high, the companies that produce the commodities try to sell them more in

order to increase their profits. Such a reaction leads to the scarcity of the inventory or storage.

Since according to Geman (2005) the convenience yield is expressed by the positive gain attached

to the physical commodity minus storage cost, high price and low inventory cause high positive

gain and low storage cost. Thus the convenience yield increases in the price.

In order to model these facts in commodities, we calculate the correlations between price re-

turns and convenience yields using Schwartz’s model in terms of the Samuelson effect, which is

often observed in commodity markets. We assume that convenience yield mean reverts, which is

often used in commodity markets, resulting inκ > 0 and thusΩ(t,T) is always positive in equation

(6). By applying Ito’s Lemma to equation (4), we obtain the volatility of futures price returns:

1
dt

V

[
dFt

Ft

]
= σ2

P +Ω(t,T)2σ2
δ−2Ω(t,T)σPσδγ. (7)

According to the Samuelson effect, the volatility of spot price returns for a commodity is larger

than the volatility of the futures price returns. Thus, we have an inequality:

γ̂≡ 1
2

σδ
σP

Ω(t,T)≤ γ. (8)

Proposition 1 If the Samuelson effect holds for a commodity, the correlation between the com-

modity price returns and the convenience yields is at least positive.
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Proof Taking into accountΩ(t,T) > 0 by κ > 0 and bothσδ > 0 andσP > 0 by definition, we

derive the proposition.‖

However, we consider that emissions are not similar to commodities, but rather a resemblance

to securities because emission allowances and/or credits do not necessarily require the immediate

delivery to the buyers as much as commodities such as crude oil. Thus, the Samuelson effect may

not hold for carbon market products. Following this line, as the exclusive event of the Samuelson

effects we characterize carbon prices as follows:

dPt

Pt
= (µP−δt)dt+σPdzt , (9)

dδt = κ(α−δt)dt+σδdut , (10)

Et [dztdut ] = γdt, (11)

where γ̂≥ γ. (12)

The characteristics of the model lie in the restriction of the correlation between spot price

returns and convenience yields. By using the model, we examine the convenience yields of EUAs:

If EUAs are categorized in commodities, the convenient yields must be positive. Otherwise, they

are different from commodities in terms of price characteristics.

3. Empirical Studies for EU-ETS Futures Prices

3.1. Data and Basic Statistics

We employ the daily EUA futures prices traded on the European Climate Exchange (ECX). The

vintages of the futures range from 2008 to 2012 whose period corresponds to the phase 2 of EU

emission trading scheme. The data covers from January 3, 2006 to August 29, 2008. We report the

basic statistics of EUA futures prices in Table 1. The means as in the table suggest that the term

structure of EUA futures prices possesses contango in average. In addition, the standard deviation

also increases in time to maturity, which may demonstrate the Samuelson effect.

[INSERT TABLE 1 ABOUT HERE]
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3.2. Parameter Estimation

We conduct the parameter estimation of the carbon price model using the Kalman filter (KF),

where both spot prices and convenience yields are unobservable and futures prices are observable,

respectively. To simplify the calculation, we transform the spot pricePt into new variablext such

thatxt = logPt :

dxt = (µP− 1
2

σ2
P−δt)dt+σPdzt . (13)

KF consists of time and measurement update equations. On one hand, sincex andδ in equa-

tions (13) and (2), respectively are time updated, these equations represent the linear time update

equations in the KF system. The continuous time model forx in equation (13) is changed into the

following discrete linear equation:

xt = xt−1− 1
κ
(1−e−κ∆t)δt +(µP− 1

2
σ2

P−α)∆t +
α
κ

(1−e−κ∆t)+σPεt−1−σAηt−1

≡ f1(xt−1,δt−1,εt−1,ηt−1). (14)

Similarly, the continuous time model forδ in equation (2) into the following:

δt = e−κ∆tδt−1 +α(1−e−κ∆t)+σBηt−1≡ f2(xt−1,δt−1,ηt−1). (15)

Note thatσA = σδ
κ (1−e−κ∆t) andσB = σδe−κ∆t , respectively. On the other hand, the measurement

update equation in the KF system is obtained from the futures-spot price relationship. We define

the log ofFt by the new variableyt(yt = lnFt), and discretize equation (4) into the following:

yt = xt −Ω(t,T)δt +ϒ(t,T)+ξt ≡ h1(xt ,δt ,ξt). (16)

Following Welch and Bishop (2004), time and measurement update equations are expressed by

using the matrices:

(
xt

δt

)
=

(
x̃t

δ̃t

)
+At

(
xt−1− x̂t−1

δt−1− δ̂t−1

)
+Wt

(
εt−1

ηt−1

)
, (17)

yt = h1(x̃t , δ̃t ,0)+Bt

(
xt − x̃t

δt − δ̃t

)
+Vtξt , (18)
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wherex̃t = f1(x̂t−1, δ̂t−1,0), δ̃t = f2(x̂t−1, δ̂t−1,0),

At =

(
1 −1

κ(1−e−κ∆t)
0 e−κ∆t

)
,

Wt =

(
σP −σA

0 σB

)
, Bt =

(
1 −1

κ(1−e−κ(T−t))
)

,

Vt = 1, Qt =

(
∆t γ∆t

γ∆t ∆t

)
, andRt = diag[M1,M2,M3,M4,M5,M6]

(Diagonal matrix).

Tables 2 and 3 show the complete set of the KF equations which include time and measurement

update equations so as to calculate the a priori estimate error covariance matrix (Φ−
t ) and the a

posteriori estimate error covariance matrix (Φt), respectively.

[INSERT TABLE 2 ABOUT HERE]

[INSERT TABLE 3 ABOUT HERE]

Note that we define the a priori estimate error and the covariance bye−t ≡
(

xt − x̂−t
δt − δ̂−t

)
and

Φ−
t ≡ E[e−t e−T

t ], and that we also define the a posteriori estimate error and the covariance by

et ≡
(

xt − x̂t

δt − δ̂t

)
andΦt ≡ E[eteT

t ] whereKt is the Kalman gain.

Using the recursive updates of time and measurement update equations in Tables 2 and 3,

measurement errors (ẽyt ) and the covariance matrices (Σt) are given by

ẽyt = yt −h1(x̂−t , δ̂−t ,0), (19)

Σt = BtΦ−
t BT

t +VtRtV
T
t . (20)

Using the measurement errors and the covariance matrices, the parameters (Θ) in equations (1)

and (2) are estimated by the maximum likelihood method:

Θ̂ = argmin
Θ

N

∑
t=1

ln|Σt |+
N

∑
t=1

ẽyt Σ
−1
t ẽT

yt
, (21)

whereΘ = (µP,σP,κ,α,σδ,γ,λ,M1,M2,M3,M4,M5,M6).

The results are reported in Table 4.
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[INSERT TABLE 4 ABOUT HERE]

Table 4 tells that all parameters in the model are statistically significant. The point is that the

correlation between price return and convenience yield is negative (-0.369). For commodities,

when the price goes up, the value to hold, i.e., convenience yield, also rises. Thus, it is expected

for commodities that the correlations must be positive. The argument is supported by Schwartz

(1997) such that the estimated correlations between prices and convenience yields are positive for

crude oil and gold. However, the result for EUA futures prices offers the opposite. It suggests that

emissions may not possess the property of convenience yields that commodities generally have.

In addition, to examine the consistency of our carbon price model to these empirical results, we

compute the boundaries of the correlations between EUA spot price returns and convenience yields

(i.e., γ̂s) in equation (12) becauseγ̂ is the function of the time to maturity. Here as an example, we

employ 2012 vintage for EUA futures prices, i.e., the time to maturity ranges from seven years (Jan

2006 - Dec 2012) to four years and four months (Sep 2008 - Dec 2012). The results are reported

in Table 5. The computed gammas (γ̂s) are both greater than the estimated gammas (γs), resulting

in the support to the model proposed in this paper.

[INSERT TABLE 5 ABOUT HERE]

3.3. Mean Reversion and Seasonality of EUA Futures Prices

Strong mean reversion is one of the significant characteristics of commodity prices because com-

modity prices are often influenced by the mean reverting demands. In addition, seasonality of

prices is also one of the important characteristics for commodities because commodity prices like

energy are influenced by the annual consumption pattern due to yearly temperature change. In

order to examine the strong mean reversion and seasonality, we employ the AR(1) model with an

annual sinusoidal trend for five delivery year futures prices (December 2008 - December 2012):

F i
t =ρ0 +ρ1F i

t−1 +ρ2cos(ωt)+ρ3sin(ωt)+ηt , (22)

whereω = 2π
250 and i represents each delivery year from 2008 to 2012. Ifρ1s are more than or

almost equal to one, the mean reversions of EUA futures prices are not found. If bothρ2s andρ3s

are not statistically significant, seasonality is not found in the sample data. The results are reported

in Tables from 6 to 10. Judging fromρ1s in Tables from 6 to 10, all vintages of EUA futures prices

do not present mean reversion, which is often observed in commodity futures prices, because all

ρ1s are nearly equal to one. In addition, judging fromρ2s andρ3s, the seasonality of EUA futures
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prices was not found in all vintages from Dec 08 to Dec 12. These results violate the significant

property of strong mean reversion and seasonality in commodity futures prices.

[INSERT TABLE 6 ABOUT HERE]

[INSERT TABLE 7 ABOUT HERE]

[INSERT TABLE 8 ABOUT HERE]

[INSERT TABLE 9 ABOUT HERE]

[INSERT TABLE 10 ABOUT HERE]

3.4. Dynamic Conditional Correlation

As we can see, the term structure of EUA futures prices always demonstrates contango. In order

to examine the contango shape in a different way, we shed light on the correlation between futures

prices with different delivery years. If the correlations are positive, the shape of the contango may

tend to hold because futures prices with different maturities would move in parallel one another.

One may think that if shorter maturity futures price returns are much bigger than longer ones, the

parallel movement may break the shape of contango, resulting in backwardation. However, the

standard deviations of the price returns (computed as 0.03 for all maturities) are much smaller than

the slope of the contango in average expressed by the mean in Table 1 (computed as 0.6 to 0.7).

Thus, such breaks do not occur for our data.

In order to examine correlations between futures prices with different delivery years, this sec-

tion employs the dynamic conditional correlation (DCC) model of Engle (2002). For simplicity

we model log returns of the pricesrts as follows:

rt = εt , (23)

εt = Dtηt , (24)

Dt = diag[h
1
2
1,th

1
2
2,t ], (25)

wherert = (r1
t , r

2
t )
′, εt = (ε1,t ,ε2,t)′, andηt = (η1,t ,η2,t)′.
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For i = 1, 2, we have

hi,t = ωi +αiε2
i,t−1 +βihi,t−1, (26)

E[εtε′t | Ft−1] = DtRtDt , (27)

Rt = Q∗−1
t QtQ

∗−1
t , (28)

Qt = (1−θ1−θ2)Q+θ1ηt−1η′t−1 +θ2Qt−1, (29)

whereQ∗t is the diagonal component of the square root of the diagonal elements ofQt .1 Equation

(26) represents a GARCH(1,1) effect for each price return, which may generally be observed in

futures markets. The conditional correlation is calculated using equation (28) where equation

(29) represents time varying conditional covariance. If either of the parameter estimates ofθ1 or

θ2 in equation (29) is statistically significant, the correlation structure of the pairs demonstrates

heteroskedasticity. The estimation results are reported in Tables 11 to 20, respectively. In addition,

we report conditional correlations between all pairs of EUA futures prices in Figure 2. Note that

the legends denoted by 4 digits in the figure represent two delivery years, e.g., 0809 represents the

correlations between 2008 and 2009 vintages of EUA futures prices. According to the estimates

of αis andβis in Tables 11 to 20, either of them or the both are statistically significant. Thus each

return process demonstrated time varying volatility, respectively. In addition, judging from Tables

11 to 20, either of the parameter estimates ofθ1 or θ2 in equation (29) was statistically significant

for all futures pairs. Thus, the correlation structure of the pairs demonstrated time varying. The

figure suggests that the futures prices fluctuate in the same direction because the DCCs are almost

positive except several plots around October 2006. The positive correlations can hold a constant

shape of the term structure as contango by taking it into account that the small parallel shift of the

future curve occurs to the extent that the backwardation is not caused. This is a sharp contrast with

the term structure often observed in commodity futures.

[INSERT TABLE 11 ABOUT HERE]

[INSERT TABLE 12 ABOUT HERE]

[INSERT TABLE 13 ABOUT HERE]

[INSERT TABLE 14 ABOUT HERE]

1DefineQt ≡
(

q11 q12

q21 q22

)
. Then,Q∗

t =
( √

q11 0
0

√
q22

)
.
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[INSERT TABLE 15 ABOUT HERE]

[INSERT TABLE 16 ABOUT HERE]

[INSERT TABLE 17 ABOUT HERE]

[INSERT TABLE 18 ABOUT HERE]

[INSERT TABLE 19 ABOUT HERE]

[INSERT TABLE 20 ABOUT HERE]

[INSERT FIGURE 2 ABOUT HERE]

3.5. Volatility Smile

EUA futures have recently increased the liquidity due to both the needs of compliance buyers to

meet their emissions reduction targets and the market participation of financial players to secure

their profits. The recent market development requires the risk management tools such as put and

call options that can control the price payoff. Down the line, the European Climate Exchange

(ECX) started the trades of the European call options written on EUA futures prices. As the final

example to examine the characteristics of EUA prices as commodities, we illustrate the volatility

smile using the European call options.

In order to do that, we employ the implied volatility data accompanied by the strike price for

EUA futures call option, which are offered by the ECX. The data coverage ranges from October

26, 2006 to September 2, 2008.2 The relationship between strike prices and implied volatility of

call options on Dec 2008 EUA futures is shown in Figure 3. The figure suggests that the smile is

skew to the left, meaning that the implied volatility decreases in strike prices. This is similar to the

characteristics of equity options since 1987 as presented in e.g., Rubinstein (1994). In contrast, it

is opposite to energy commodities of Geman (2005) where the volatility smile from option prices

is skewed to the right. Thus, the observation suggests that emissions prices may behave unlike

commodities but like securities in terms of volatility smile.

[INSERT FIGURE 3 ABOUT HERE]

2The ECX EUA options contract was launched on 13th October 2006.
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4. Conclusion and Further Discussion

This paper has explored the classification of carbon assets generally considered as commodities

by examining the characteristics of the prices. We have proposed a carbon price model reflecting

the characteristics of the prices. The empirical studies using EUA futures prices traded on the

ECX have shown that the convenience yield of EUAs violates the property of commodities in

that the convenience yield of EUAs is negatively correlated with the price. It corresponded to the

characteristics of the model we propose. Next, we have examined mean reversion and seasonality

of EUA futures prices often observed in commodities using AR(1) model with an annual sinusoidal

trend. We showed that the prices violate the existence of mean reversion and seasonality. We also

examined the conditional correlations between differently delivered EUA futures prices, resulting

in almost positive correlations which may hold the same shape of the term structure as contango.

In addition, the empirical studies by using EUA option prices traded on the ECX have shown

that emissions prices behave unlike commodities but like securities in terms of volatility smile.

These empirical studies may support the counter argument to the classification of carbon assets

into commodities.

This paper demonstrated the analyses of EUAs due to the maturity of the market and the avail-

ability of the data. In order to enhance our suggestions for carbon markets comprehensively, we

recognize that the other market products like CERs should be analyzed. We leave these for our

future researches by waiting for the accumulation of the market data.
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Figure 1. Term Structure of EU-ETS Futures Prices
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Figure 2. Dynamic Conditional Correlation
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Figure 3. Volatility Smile of EUA Call Option
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Dec 08 Dec 09 Dec 10 Dec 11 Dec 12
Mean 20.98 21.55 22.13 22.73 23.40
Std. Dev. 3.72 3.77 3.83 3.91 4.06
Skewness 0.17 0.21 0.24 0.28 0.32
Kurtosis 2.62 2.62 2.61 2.60 2.57

Table 1. Basic Statistics of EU-ETS Futures Prices

x̂−t = f1(x̂t−1, δ̂t−1,0) (A 1)

δ̂−t = f2(x̂t−1, δ̂t−1,0) (A 2)

Φ−
t = AtΦt−1AT

t +WtQt−1W
T
t (A 3)

Table 2. KF Time Update Equations

Kt = Φ−
t BT

t (BtΦ−
t BT

t +VtRtV
T
t )−1 (A 4)

x̂t = x̂−t +Kt(yt −h1(x̂−t , δ̂−t ,0)) (A 5)

δ̂t = δ̂−t +Kt(yt −h1(x̂−t , δ̂−t ,0)) (A 6)

Φt = (I −KtBt)Φ−
t (A 7)

Table 3. KF Measurement Update Equations
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Model Parameters µP σP κ α σδ γ
Estimates 0.502 0.615 535.103 0.060 28.132 -0.369

(Standard Errors) 0.180 0.002 0.002 0.000 0.211 0.000
Model Parameters λ M1 M2 M3 M4 M5

Estimates 7.271 2.538×10−4 5.331×10−5 1.000×10−7 5.543×10−5 2.728×10−4

(Standard Errors) 0.020 4.521×10−5 1.212×10−5 3.410×10−5 7.204×10−6 6.715×10−5

Loglikelihood 1.219×104

AIC -2.435×104

SIC -2.438×104

Table 4. Parameter Estimation

Time to Maturity (year) 7.000 4.333
Ω(t,T) 0.002 0.002
γ̂ = 1

2
σδ
σP

Ω(t,T) 0.043 0.043
γ -0.369 -0.369

Table 5. Correlation Constraints Implied from the Samuelson Effect

Model Parameters ρ0 ρ1 ρ2 ρ3

Estimates 0.277 0.987 0.003 0.030
(Standard Errors) 0.198 0.010 0.033 0.035

Loglikelihood -619.561
AIC 1247.122
SIC 1265.222

Table 6. AR(1) Model with Seasonality for Dec 08 EUAs

Model Parameters ρ0 ρ1 ρ2 ρ3

Estimates 0.283 0.987 0.002 0.029
(Standard Errors) 0.203 0.010 0.033 0.036

Loglikelihood -630.690
AIC 1269.381
SIC 1287.481

Table 7. AR(1) Model with Seasonality for Dec 09 EUAs
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Model Parameters ρ0 ρ1 ρ2 ρ3

Estimates 0.290 0.987 0.001 0.029
(Standard Errors) 0.206 0.010 0.034 0.037

Loglikelihood -641.651
AIC 1291.302
SIC 1309.402

Table 8. AR(1) Model with Seasonality for Dec 10 EUAs

Model Parameters ρ0 ρ1 ρ2 ρ3

Estimates 0.297 0.987 0.001 0.029
(Standard Errors) 0.209 0.010 0.034 0.037

Loglikelihood -657.476
AIC 1322.952
SIC 1341.053

Table 9. AR(1) Model with Seasonality for Dec 11 EUAs

Model Parameters ρ0 ρ1 ρ2 ρ3

Estimates 0.310 0.987 0.001 0.029
(Standard Errors) 0.207 0.009 0.035 0.038

Loglikelihood -689.260
AIC 1386.519
SIC 1404.619

Table 10. AR(1) Model with Seasonality for Dec 12 EUAs

18



Parameters ω1 α1 β1 ω2 α2 β2 θ1 θ2

Estimates 5.883×10−5 0.244 0.714 3.835×10−5 0.222 0.758 0.560 0.350
Std Errors 2.571×10−5 0.174 0.113 1.555×10−5 0.116 0.062 0.154 0.191
Logliklihood 4.426×103

AIC -8.836×103

SIC -8.799×103

Table 11. DCCs between Dec 08 and Dec 09 EUA Futures Prices

Parameters ω1 α1 β1 ω2 α2 β2 θ1 θ2

Estimates 5.883×10−5 0.244 0.714 3.410×10−5 0.224 0.763 0.332 0.604
Std Errors 2.571×10−5 0.174 0.113 1.393×10−5 0.110 0.051 0.165 0.232
Logliklihood 4.293×103

AIC -8.569×103

SIC -8.533×103

Table 12. DCCs between Dec 08 and Dec 10 EUA Futures Prices

Parameters ω1 α1 β1 ω2 α2 β2 θ1 θ2

Estimates 5.883×10−5 0.244 0.714 2.618×10−5 0.226 0.774 0.288 0.652
Std Errors 2.571×10−5 0.174 0.113 1.289×10−5 0.104 0.044 0.084 0.109
Logliklihood 4.162×103

AIC -8.308×103

SIC -8.272×103

Table 13. DCCs between Dec 08 and Dec 11 EUA Futures Prices

Parameters ω1 α1 β1 ω2 α2 β2 θ1 θ2

Estimates 5.883×10−5 0.244 0.714 2.514×10−5 0.219 0.781 0.173 0.796
Std Errors 2.571×10−5 0.174 0.113 1.511×10−5 0.092 0.043 0.074 0.108
Logliklihood 4.004×103

AIC -7.991×103

SIC -7.955×103

Table 14. DCCs between Dec 08 and Dec 12 EUA Futures Prices

19



Parameters ω1 α1 β1 ω2 α2 β2 θ1 θ2

Estimates 3.835×10−5 0.222 0.758 3.410×10−5 0.224 0.763 0.168 0.763
Std Errors 1.555×10−5 0.116 0.062 1.393×10−5 0.110 0.051 0.057 0.056
Logliklihood 4.820×103

AIC -9.623×103

SIC -9.587×103

Table 15. DCCs between Dec 09 and Dec 10 EUA Futures Prices

Parameters ω1 α1 β1 ω2 α2 β2 θ1 θ2

Estimates 3.835×10−5 0.222 0.758 2.618×10−5 0.226 0.774 0.192 0.726
Std Errors 1.555×10−5 0.116 0.062 1.289×10−5 0.104 0.044 0.066 0.074
Logliklihood 4.478×103

AIC -8.940×103

SIC -8.904×103

Table 16. DCCs between Dec 09 and Dec 11 EUA Futures Prices

Parameters ω1 α1 β1 ω2 α2 β2 θ1 θ2

Estimates 3.835×10−5 0.222 0.758 2.514×10−5 0.219 0.781 0.105 0.876
Std Errors 1.555×10−5 0.116 0.062 1.511×10−5 0.092 0.043 0.035 0.040
Logliklihood 4.227×103

AIC -8.437×103

SIC -8.401×103

Table 17. DCCs between Dec 09 and Dec 12 EUA Futures Prices

Parameters ω1 α1 β1 ω2 α2 β2 θ1 θ2

Estimates 3.410×10−5 0.224 0.763 2.618×10−5 0.226 0.774 0.204 0.744
Std Errors 1.393×10−5 0.110 0.051 1.289×10−5 0.104 0.044 0.121 0.121
Logliklihood 4.817×103

AIC -9.617×103

SIC -9.581×103

Table 18. DCCs between Dec 10 and Dec 11 EUA Futures Prices
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Parameters ω1 α1 β1 ω2 α2 β2 θ1 θ2

Estimates 3.410×10−5 0.224 0.763 2.514×10−5 0.219 0.781 0.101 0.884
Std Errors 1.393×10−5 0.110 0.051 1.511×10−5 0.092 0.043 0.039 0.042
Logliklihood 4.423×103

AIC -8.831×103

SIC -8.795×103

Table 19. DCCs between Dec 10 and Dec 12 EUA Futures Prices

Parameters ω1 α1 β1 ω2 α2 β2 θ1 θ2

Estimates 2.618×10−5 0.226 0.774 2.514×10−5 0.219 0.781 0.058 0.863
Std Errors 1.289×10−5 0.104 0.044 1.511×10−5 0.092 0.043 0.048 0.073
Logliklihood 4.624×103

AIC -9.233×103

SIC -9.197×103

Table 20. DCCs between Dec 11 and Dec 12 EUA Futures Prices
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